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This paper describes the optimization analysis results of deployment and retrieval of a tethered satellite
system. The system is composed of two small satellites connected by a long tether. One of the satellites is
equipped with a set of thrusters for purposes of control. The optimization analysis is based on the nonlinear
equations of motion, and the optimized length law together with the optimized thrust histories are calculated.
The optimization is performed with a MATLAB-based multicontroller algorithm. First, the algorithm is used to
optimize the phases of deployment and retrieval for a simple model where the tether is represented by a massless
rod. Then these results are used as a nominal path for a retrieval involving a more realistic model. When this
model is used to simulate retrieval, the system is kept on the nominal path by means of a regulator. The
optimization result, compared with results in previous papers, points to improved performance and a significant

reduction in fuel consumption.

Introduction

HE system under consideration consists of two tether-

connected, unmanned satellites of approximately the
same mass.! One of the satellites is equipped with scientific
instruments, the other with a reel and a set of thrusters for
control purposes. The problem of optimizing deployment and
retrieval of the primary satellite may be stated as follows:
What are the length laws and thrust histories to perform
deployment and retrieval in such a way that a given perfor-
mance index is minimized? A survey of the literature on tether
systems shows that even though deployment and retrieval are
the most critical phases of such missions, and have been the
subject of most analyses, only limited attention has been
devoted to the optimization problem.

Because optimized length laws are part of the product of
this paper, we present various length laws that have been used
in previous work. In most control strategies, the tension in the
tether or the length rate are functions of a reference length and
of the swing angles.? Thus, the actual length history is a result
of the control law rather than being prescribed. The reference
length, on the other hand, is assigned by the designer, and it
can have a fixed value, for example, that of the final length,*>
or it may change exponentially, so that the length rate is small
when the tether is short.®’ When thrusters are used as con-
trollers, one can specify the actual length. Xu et al.? and later
Lakshmanan et al.” used an exponential law for the prescribed
length law. A paper that addresses the issue of trajectory
optimization was presented by Fleurisson et al.!® In this paper,
the authors calculate the optimal length law to deploy and
retrieve a satellite from the Shuttle, and use feedforward and
feedback control to keep the system on this path. The opti-
mization is based on the length-rate control strategy, which
leads to pitch angles as large as 1 rad. It is assumed that the
Shuttle moves on a circular orbit and the optimization results
are not checked with a massive tether model.
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An approximation usually made in the design of a controller
for deployment and retrieval is the linearization of equations
of motion.!®!12 This is required to enable one to use linear
control tools, such as linear quadratic regulator (LQR) theory.
In a general optimization algorithm, such as the one used in
this paper, the state histories can be found through the rela-
tion

X =flx@), v@®), 11, x(0) =x, 1
where fis a set of nonlinear functions of the state vector x, the
control vector v, and time. Some nonlinear terms are found to
be significant and must be included in the analysis; other
nonlinear terms were found to be more than two orders of
magnitude smaller.

For comparison, we include results obtained by the linear
approach, by which we mean that a length law is prescribed,
the equations of motion are linearized with respect to states

P2

‘_ﬁ_

Fig. 1 Simple mode} for optimization.
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Fig. 2 Optimization results for deployment: comparison of length
laws.
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Fig. 3 Optimization results for deployment: comparison of state
histories; a) range deviation Rg> (m) and b) swing angle g3 (deg).

and controllers, and the LQR technique is used to design the
feedback gains.! The prescribed length law that is used for the
linear approach is presented graphically in Figs. 2 and 5.

The purpose in this paper is to find the optimized length law
and thrust histories such that deployment and retrieval are
accomplished in a given time while a specified performance
index is minimized. A MATLAB-based"® multicontroller al-
gorithm!# has been formulated and used. It is based on the
Mayer formulation!® in which the performance index is treated
as an additional state variable.

Model Description and System Equations

The analytical model is depicted in Fig. 1. The two satellites
are modeled as particles P; and P,, each of mass M, and the
tether is modeled as a straight, massless object S of length 2L.
Two thrusters are located on P,, one aligned with and the
other perpendicular to the tether. The system is presumed to
be in the gravitational field of a particle O of mass Mg (the
mass of the Earth) that is fixed in a Newtonian reference
frame N. Because out-of-plane motion is well controlled with
little effort,' the model is planar, and only in-plane motion is
considered.

To characterize the behavior of the system, we begin by
introducing constants Gg, 2, and R. Gg is the universal grav-
itational constant, and  is the orbital rate at which a particle
in the gravitational field of O moves on a circular orbit of
radius R, so that

R = (GeMz/Q%)% V)
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Fig.4 Optimization results for deployment: comparison of thrust
histories (N); a) 71 and b) T».
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Fig. 5 Optimization results for retrieval: comparison of length laws.

Next, because the system possesses three degrees of freedom in
N, we define generalized coordinates ¢; (i =1, 2, 3) in con-
junction with establishing a number of vector bases. The first
of these is a dextral set of mutually perpendicular unit vectors
N; (i =1, 2, 3) fixed in N (see Fig. 1), with N; normal to the
plane in which the system is intended to move. We align unit
vectors A; with N; (i = 1, 2, 3) and subject the former triad to
a dextral rigid-body rotation of amount g, about N;. In addi-
tion, we require that the tether midpoint Pr lies at all times on
the line that passes through O and is parallel to A,; also, we let
¢, be a dimensionless coordinate, and y a dimensionless quan-
tity, such that »©~F7 the position vector from O to Py, is
given by

rO=PT =R+ p+q)4, 3

The motion that occurs when g, vanishes, ¢; =Q, and the
tether is parallel to A,, is called the desired motion of the
system. Because P, and P, have the same mass, the value of u
is of the order of 10~ ¢ and is neglected during the optimiza-
tion.

To orient the tether relative to A4; ({ =1, 2), we attach
reference frame Bto S, let B; (i = 1, 2, 3) be unit vectors fixed
in B, align B; with 4; (i = 1, 2, 3), and subject B to a rotation
characterized by the vector g;A4;.

In terms of a dimensionless quantity = defined as

T=Q “)
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the kinematical differential equations for the generalized
speeds u;, u,, u3 can be written

m=""-1 u=—> i=2,3 3

In addition to gravitational forces exerted by O on P, and P,,
the analytical model is to accommodate control forces exerted
on P, by means of thrusters. To this end, we introduce a thrust
vector T as

T = TlBl + TZBZ (6)

T, and T, are functions of system states, chosen on the basis
of control theory in such a way to keep the system near the
required orientation.

The equations of motion, omitted in the interest of brevity,
are generated with Autolev.!® These equations are nonlinear
and coupled; and they include time-dependent terms when
deployment and retrieval are in progress. For optimization,
the equations are simplified so that they include all linear
terms, but only the most significant nonlinear ones.

For control design, it is desirable that the states and con-
trollers be balanced, which means that they are scaled in such
a way that the significance of each one is of the same order of
magnitude. With this in mind, we introduce the scaled general-
ized coordinates, generalized speeds, and controllers (desig-
nated by a caret), together with a number of constants and
variables as follows:

af=Ls/R Q)

L=L/L, ®)

A =L'/L ©)

8= ui/ay i=1,2, i = 10us (10)
a4 = g/ ap, 43 = 10g; (11)

T, = T,/ (ML/Q?) i=1,2 (12)

where Ly is the tether half-length when the tether is fully
deployed, and prime denotes differentiation with respect to 7.
The simplified equations of motion are

5’

@ = — 20, + 0.30L2G3 ~ 0.5(1 + ;@) Ty + 0.056:T, (13)

4y =3, + 2i, + 0.5T, + 0.054;T, (14

IS
o
|

iy = 20afﬁ2 - ZOA’(I + (Xfﬁ] + 01123) - 3(?3
+ 5[ = (/L) + o + a3gol Ty = 0.504G5 T 15)

It should be noted that the nonlinear terms in Eqgs. (13-15)
include products of states and thrusts. These are found to be
the dominant nonlinear terms, whereas the other nonlinear
terms are more than two order of magnitude smaller.

The term A’, which describes the normalized length rate,
can be regarded either as a state or as a controller. If it is used
as a state, its initial value must be specified and a constraint
may be imposed on its terminal value. In such a formulation,
the control is composed of the second derivative of the tether
length, and the numerical solution is less robust relative to the
other formulation, in which A’ is a controller. The advantages
of both approaches are incorporated in our final decision: A’
is considered as a controller in the first runs, which enables us
to use the less sensitive version when we are not yet familiar
with the nature of the solution; and the results from this
version are used as initial guesses for the second version,
where A’ is considered as a state.

Performance Index
The performance index to be minimized is

J = 017 + alia(r)V + a3lds(r0))? + aaltis (7)1 + J,

(16)
where

r
Jo = S (DI + D@D + bldo(n)PP + balda(7)]
7=0

+ B[y + bl Ty(n)* + be[ o)1} dr a7

This performance index involves penalties on the terminal
values of the states as well as on the states and controllers
throughout the maneuver. Based on the system parameters
given later, the weights, chosen by means of an iterative pro-
cess, are

a; = 45,

02=300, a; =4, = 15

b1=b2:b3=1, b4=b5=1.8, b6=1 (18)
The values for a;, @, and a; were set iteratively, whereas the
values for b, (i =1, ..., 5), interpreted in terms of physical
units, indicate our willingness to use 1.1 N of thrust for a
range deviation of 2500 m and a swing angle of 0.9 deg. These
relations indicate the relative importance of the various states
and controls.

A’ asa Controﬁer
When A’ is considered as a controller, the state vector is

X=X, .., X =l G2l §s 83 L J,1" 19
and the control vector is

v=[v, vo, i) =Ty T A']T (20)
With these substitutions, we write Egs. (13-15) as five first-or-

der differential equations and add two differential equations
for the length and the performance index to obtain

Xy = —2x3 + 0.3axlxy — 0.5(1 + apr)vy + 0.05x0,  (21)
Xy = X3 22)

X{ = 3x + 2x; + 0.5v; + 0.05x,v, (23)

X{ =X (24

x5 = 20apc; — 20u3(1 + apxy + 0.1x5) — 3x4
+5(— 1/x5+ ap + 62x)vy — 0.5, ©5)
Xg = V3Xg (26)
X7 = bixt + byx3 + byxf + baxl + bsxd + be(vf +v3)  (27)

A’ as a State

When A’is considered as a state, an extra state is added to
Eq. (19), which leads to

x=[x,..., %)= G ddd LA JI (28)
and the new control vector is
v =1[v, v, i3] = [Tl Tz E”]T 29

where

Y =L"/L (30)
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With these substitutions, the seven differential equations
(21-27) are replaced with the following eight equations:

X/ = — 26+ 0.3axdxg — 0.5(1 + ape)vy + 0.05x%,v,  (31)
Xy =X;3 32)

xi =3x+ 2x; + 0.5v, + 0.05x,v, (33)

X{ = X;s (34)

xd = 200£fx3 — 20x,(1 + oy + 0.1x5) — 3x,4

+ 5(— V/xg + o + ax)vy — 0.5a4v2 35)

X6 = XgX7 (36)

X/ =v;—x? 37

X¢ = DXt + box2 + bax? + byx? + bsx? + bg(vi + v3) (38)

Optimization Description and Results
Initial States and Términal Constraints

When A’ is used as a controller, the initial state vector for
deployment is

x(0)=[000000.050]7 39
For retrieval, it is
x(0)=[0000010]" (40)
The terminal constraint for deployment is
Xe(77) = L(15)/Ly = 1 41
and for retrieval is
x¢(1s) = L(14)/Ly = 0.05 42)

The shortest length of the tether is 5% of the full length
because length rate and length acceleration are normalized by
the actual length, so that the optimization algorithm is very
sensitive to changes in the control vector when the tether is
very short. This sensitivity may be overcome by using smaller
gains in the optimization algorithm, and thus, significantly
increasing the run time. The deployment and retrieval of the
last 5% can be accomplished by using any prescribed length
law.
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Fig. 6 Optimization results for retrieval: comparison of state histo-
ries; a) range deviation Rgz (m) and b) swing angle g3 (deg).

When A’ is considered as a state, its initial value must be
specified, and a constraint may be imposed on its terminal
value. Because of the small time constants of the system
relative to the time constant of the reel motor, we may use a
nonzero initial value for A’ for retrieval, but it is important to
have a zero terminal value, so that the satellites do not move
toward each other at the end of the maneuver. Consequently,
the initial vector for deployment is taken to be

x(0)=[000000.0500]" 43)
For retrieval, we use
x(0)=[000001 —0.04 0]7 44

An additional terminal constraint, corresponding to A’(7y), is
added to Eqgs. (41) and (42), namely

X1y =N (1) =0 (45)

Initial Guess of the Controller

The optimization algorithm is formulated to find a local
minimum. Hence it is important to have some knowledge
about the final solution so that a good initial guess for the
control histories can be made. When A’ is considered as a
controller, two sets of initial guesses are used. The first in-
cludes the results from the linear approach with the prescribed
length law, and the second is an all-zero state vector. The
optimization results for the two cases are very similar, which
leads to the presumption that it is a global minimum. The
optimized solution with this formulation furnishes initial
guesses for the next step, where A’ is considered as a state.

Optimization Results

The optimization results for deployment are shown in Figs.
2-4, and for retrieval in Figs. 5-7. The figures also show, for
comparison, the results obtained by using the linearized equa-
tions of motion and a prescribed length law (Fig. 2).

For the simulation, we take M = 500 kg, L; = 10 km (total
tether length of 20 km), ¢, = 21,342 s = 4 orbits, R = 6.598388
X 106 m, and @ = 1.178486395 x 103 rad/s.

Deployment

Figure 2 shows the comparison between the optimal solu-
tion and the prescribed law that is used for the linear model.
The prescribed law is a symmetric function whose first and
second time derivatives vanish at the beginning and at the
conclusion of the maneuver. In the optimal solution, the
length changes slowly in the beginning (when the tether is

TI (N)

6 SOLID : LINEAR APPROACH
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T2(N)

b) ORBITS

Fig. 7 Optimization results for retrieval: comparison of thrust histo-
ries (N); a) T and b) T>.
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Fig. 8 Six-degree-of-freedom model.

short), and more rapidly when the tether is longer. This kind
of solution assures positive tension in the tether (even though
it was not a design criterion). Figure 3 shows the state histo-
ries; the maximum range deviation from the nominal orbit
radius is 2200 m for the optimal solution vs 7100 m for the
limear approach (Fig. 3a); the maximum value of ¢; is 5.6 deg
for the optimal solution and 7.7 deg for the linear approach
(Fig. 3b). The most significant improvement is shown in Fig.
4, where the thrust histories for the two cases are compared.
The maximum thrusts for the optimal solution are 0.25 and
2.2 N for T, and T, respectively, whereas they are 1.6 and 7.7
N, respectively, for the linear model. It is interesting to note
that, whereas 7, is negative for the linear model, it is mainly
positive for the optimal solution. The nonlinear equations
(21-26) and (31-36) include products of thrusts and general-
ized coordinates that are neglected in the linear approach.
These terms are found to have the same order of magnitude as
the thrust linear terms. Hence, while the thrust components
““fight’’ one another in the linear approach, their action is
coordinated in the optimal solution, and fuel is used more
efficiently.

The total performance index for deployment is 25.2 units
for the optimal solution, whereas it is 42.5 units for the linear
model—an improvement of 40%. Most of the improvement is
achieved by using much less thrust, i.e., 0.7 units are related to
thrust usage for the optimal solution in contrast with 9.0 units
for the linear model. In terms of fuel consumption, the linear
solution requires 21.2 kg of fuel whereas the optimal solution
requires only 1.65 kg. It is interesting to note that the improve-
ment due to the new length law is about 21% (out of the total
40%), and the rest is due to the use of nonlinear terms in the
equations and, thus, the coordinated action of the thrusts.

Retrieval

The results for the retrieval are presented in Figs. 5-7.
Figure 5 shows the optimal length law together with the pre-
scribed law used for the linear model. As in the case of
deployment, the length rate is higher when the tether is longer.
The state histories are shown in Fig. 6; the terminal values for
both Rg, and ¢; are much smaller for the optimal solution
than for the linear model (Figs. 6a and 6b) due to the penalties
on these values. The maximum value for g; is 6.7 deg for the
optimal solution, compared with 5.5 deg for the linear ap-

proach (Fig. 6b), but it is developed in the first half of the
process, and thus, does not have any practical implications.
The thrust consumption (Fig. 7) is much smaller for the opti-
mal solution, and its maximum value is only 2.7 N, compared
with 6.8 N for the linear model.

The total performance index for the retrieval is 22.2 units,
compared with 35.8 units for the linear approach, representing
an improvement of 38%. Of this improvement, 15% is due to
the new length law and the rest is due to the use of nonlinear
terms in the equations. Compared with 23 kg of fuel required
with the linear approach, the optimized consumption is only
1.75 kg, which is, of course, a considerable improvement.

Four-Segment Massive Tether Model

In the preceding section, the phases of deployment and
retrieval were optimized on the basis of the simplified equa-
tions of a simple model in which the tether was treated as a
massless, straight object. In the present section, the validity of
the optimal solution is checked with a more realistic model by
using the optimal solution as the nominal path, and using the
full nonlinear equations of motion. By comparing the results
of the two models, one can ensure that the optimal solution
obtained with the simple model is applicable to a more realistic
model. In addition, to overcome disturbances and nonzero
initial values, and to accommodate the unstable nature of the
retrieval process, the system is kept on the nominal path by
means of a regulator. Together, the optimal solution is fed
forward as the nominal path and a regulator is used to feed-
back and correct deviations from that nominal path. Because
retrieval, unlike deployment,! is an unstable process, only
retrieval results are presented.

The model now to be used is shown in Fig. 8. The tether is
represented by four massless segments, each of length L, and
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Fig. 9 Retrieval, six-degree-of-freedom model, simulation with full
nonlinear equations, and state histories; a) range deviation Rgz> (m),
b) g3 (deg), ¢) g4 (deg), and d) g5 (deg).
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Fig. 10 Retrieval, six-degree-of-freedom model, simulation with full
nonlinear equations, and thrust histories (N); a) 71 and b) T3.

three particles, each of mass M7. In addition, during deploy-
ment and retrieval, the segment lengths vary, and My is ex-
pressed as

My =ML/L; (46)

where L, and M are the length of one segment and the mass
of one particle, respectively, when the tether is fully deployed.
The total mass of the system is kept constant by letting the
satellite mass M change in accordance with

M =M, + 1.5(M; — Mr) 47)

where M, is the mass of one satellite when the tether is fully
extended. To account for the additional tether segments, addi-
tional generalized coordinates and the corresponding general-
ized speeds are introduced. Specifically, g,, g5, and g¢ are the
bending angles between adjacent tether elements (Fig. 8), and
the related generalized speeds are

=X j=4,5,6 48
= i (48)

To use the results obtained by the optimization algorithm in
a practical manner, the optimal length law that was calculated
in the previous section is approximated by a fifth-order poly-
nomial in time

L=L515+L4t4+L3t3+L2t2+L1t+L0 (49)
where

Ls=1.325x10"1, Ly= —8.175x 10713

Ly=1.792x10"8, Ly= —1.369x10"*

L, = —0.4882, Ly = 10,000 (50)

Because the tether is modeled by four segments, which are
not accounted for in the optimization procedure, one would
expect that bending angles will be excited if the nominal
thrusts are used in open loop. Furthermore, it is preferable to
operate in closed loop to damp a nonzero initial state vector
and other disturbances. Therefote, a regulator is designed to
keep the system on the nominal path. The regulator design
procedure is the same as in the linear approach; that is, the
optimal length law is now considered as prescribed, the equa-
tions of motion are linearized, and the LQR technique is used
to calculate the feedback gains.

To calculate the regulator feedback gains, we need to write
the linearized equations of motion for the model. Before

doing so, we introduce the following dimensionless constants
and variables, in addition to those defined in Eqgs. (7-12) and
(30):

B=Mp/M (51
4; = 10u; i=4,56 (52)
g = 10g; i=4,5,6 (53

The linearized scaled equations of motion are
2+ 3P + 0.1(8 + 2B)aL?d3 + 0.1(1 + 60rs + 2B LiS
+0.12 + B + 4oy + o)L + 0.1(1 + 2a)Lids
+ (4 + 63l + 2LA" {ofL[(8 + 28) + (8 + 28)d,
+ 0.1(8 + 2B)ids + 0.1(6 + 28)d, + 0.1(4 + B)ids + 0.24i¢]
+0.24, + 0.2Q2 + B)ds + 0.24¢} + 0.1LZ " (445 + 34,4
+ 2+ B)ds+ el = — (L +2a)T, (54)
Q2+ 38)i3 — (4 + 6P, — 0.2Ld, — 0.1(4 + 2B8)Lds
~0.2L1 — (6 + 98)d> — 0.2alL?A" [@4 + 2 + B)Gs
+Gel = T (55)
(8 + 28 Lily + 0.1(8 + 28)Ldy + 0.1(6 + 2B)Liiy
+0.1(4 + B)Lisy + 0.2La¢ + 0.1(24 + 6B8)LG;
+0.1(18 + 63) L4, + 0.1(12 + 38)gs + 0.6):(}6
+ 2LA'[(8 + 28) + (8 + 2B iy, + 0.1(8 + 2B)il;
+0.1(6 + 28)id4 + 0.1(4 + B)ds + 0.245) = — 2T, (56)
(1 + 2048 + 6y + 0.1(6 + 28) Lty + 0.1(5 + 28)Lit/
+0.1(4 + BLas + 0.2L4¢ + 24, + 0.1(18 + 68)d;
+0.1(18 + 68)Lgy + 0.1(12 + 38)L§s + 0.6Lds
+2LA[(6 + 2B) + (6 + 2B)rfly + 0.1(6 + 2B)d;
+0.1(5 + 2B)id, + 0.1(4 + B)ids + 0.26) = — 2T, &)
(2 + B+ doy + apP)iy + 0.1(4 + B)LaY + 0.1(4 + B)Liy
+0.1(4 + B)Lias + 0.2Li¢ + (4 + 2B)id,
+0.1(12 + 38)LGs + 0.1(12 + 38)Lg, + 0.1(12 + 38) L5
+ 0.6Lds + 2LA’[(4 + B) + (4 + Badhy + 0.1(4 + B)id,
+0.1(4 + By + 0.1(4 + Bids + 0.2} = — 2T, (58)
(1 + 2ap)dy +0.2Lay + 0.2L44 + 0.2L4s + 0.1La4
+ 2i, + 0.6LG; + 0.6Lgs + 0.6LGs + 0.6L(1 + a)ds
+ 2LA’ (2 + 248y + 0.245 + 0.2, + 0.24s5 + 0.1d¢)

—0.1LY"Ge= — T (59)

The regulator is used to keep the system on the nominal path;
thus, it is applied to the difference between the actual state
vector x and optimal state vector X, that has been obtained
in the preceding section. Consequently, the control law is

V = Vhom — K(x — Xnom) (60)
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where v, is the nominal control history that has been pro-
duced by the optimization algorithm and K is the feedback
gains matrix. During deployment and retrieval, L, 8, A’, and
A" are time dependent. Consequently, the gain matrix K also
is time dependent. For the purposes of this paper, it is as-
sumed that values of all states can be found at every instant.
In reality, this is not the case, and some of the states need to
be estimated. The design procedure and performance of such
an estimator have been investigated in Ref. 14.

To test the combination of the optimal solution with the
regulator, we simulate retrieval with the full nonlinear equa-
tions. For the simulation, we take M, = 500 kg, M; = 164/
3 =54.67 kg, Ly = 5000 m, and , = 4 orbits. The feasibility of
the optimal solution for the system under discussion is
checked in a realistic manner by simulating retrieval with
nonzero initial values, namely g3(0) = 1 deg. The results of this
simulation together with the nominal optimized path are pre-
sented in Figs. 9 and 10. The state histories are shown in Fig.
9; it takes the regulator about 1 orbit to converge to the
nominal path (Figs. 9a and 9b), and the two solutions remain
very close thereafter. The maximum values of the bending
angles g, and g5 are 0.03 and 0.05 deg (Figs. 9c and 9d),
respectively, which means that the tether remains nearly
straight throughout the process. The thrust histories shown in
Figs. 10a and 10b show that, once the initial angle has damped
out, the consumption is nearly equal to the nominal one. It
may be concluded that only a small amount of extra control
effort is required to keep the tether straight, and the optimiza-
tion results are valid for realistic models.

Conclusion

Results of deployment and retrieval optimization of a teth-
ered satellite system have been presented. The results are ap-
plicable to a system that consists of two satellites connected by
a tether where one of the satellites is equipped with a set of
thrusters. It has been shown that the optimal length law is such
that the length changes slowly when the tether is short, and
faster when the tether is long. Furthermore, it has been shown
that nonlinear terms that include products of thrusts and
states cannot be dropped if coordinated thrust actions are
expected. The use of optimization algorithms, such as the one
used in this paper, enables the designer to put penalties on the
terminal values of the states such that at the conclusion of the
maneuver the system is near the nominal orbit and the satel-
lites and tether are nearly aligned with the local vertical. The
same algorithm might be used for different system parame-
ters, such as tether length, deployment and retrieval time, and
orbit altitude, and for elliptic orbits.

Although the optimization analysis is based on a simple
model in which the tether is straight and massless, these results
are applicable to a more realistic model, one in which the

tether is massive and the first three bending modes are taken
into account. The optimal solution obtained with the simple
model can be used at the nominal path for the other model,
and a regulator can be used to overcome disturbances and
unknown initial conditions. It was found that the state and
control histories are almost identical for the two systems.
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